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ABSTR/.CT 

2 

The  solutions  of  the  equation  ^  u  +  k  U  ■  o,  where  the  function 

2 

k  is  bounded  and  not  necessarily  analytic  and  ^  is  the  p-dimensional  Laplacian, 

is  shown  to  vanish  identically  if  it  vanishes  at  a  point  more  strongly  th?-n  any 
power  of  the  distance  from  that  point.  An  analogous  theorem  is  proved  for  the 
equation  ^  u  «  F(x,u),  where  F  satisfies  a  Lipschitz  condition. 
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I,  Introduction 

The  purpose  of  this  paper  is  to  investigate  the  local  behavior  of 
the  solution  of  the  differential  equation 

(1.1)  Au-F(x,U), 

and  in  particular  the  behavior  of  the  solutions  of 

(1.2)  A  U  +  k^(x)U  -  0 

in  p  dimensions.  /\   is  the  p-dimensional  Laplacian. 

Let  (x)  st^nd  for  the  spatial  vector  in  p  Euclidean  dimensions  and  denote 
by  |x|  the  length  of  that  vector.  We  shall  use  the  notation  UcC,  UcC,  and  UeC" 
to  indicate  respectively,  that  a  function  U  is  continuous,  has  a  continuous  deriva- 
tive, or  has  a  continuous  second  derivative.  The  main  result  of  this  paper  may  be 
formulsted  as 

Theorem  I.  Let  U  be  in  the  class  C"  for  |x|<a.  Further,  let  U(x) 

satisfy  the  inequality 


(1.3)  /  I  A  "l^ds  <  =  /  l"l^<ls 


uniformly  in   |x|   for  0  <  R  <  oj     here  -O-tj  is  the  p-dimensional  sphere 
|x|  =  R.     Now,   if 


/      lul^ds  -  o(r") 


for  al3.  n  as  P.-*^0,  then  the  function  U  vanishes  identically. 

Since  the  assxunptions  of  this  theorem  are  obviously  satisfied  by  the  solu- 
tions of  (2),  we  have 

Theorer  II,  Let  U  be  a  solution  of 
Au  +  k^(x)U  =  0 
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which  is  in  C"  for   |x|   <  a.     Let  k  (x)  be  ^lniformly  bounded. 
Now,  if 

/       lul^ds  -   o{r") 
for  all  n  as  R-s-0,   then  U  vanishes  identically. 

Thus  in  this  paper  it  is  proved  that  any  solution  of  (2)  that  vanishes 
more  strongly  than  any  power  vanishes  identically.     Until  now  this  resxilt  has  been 
proved  in  p  dimensions  only  with  the  assumption  that  k  (x)  be  analytic  in  (x).       A 
result  similar  to  Theorem  II  was  proved  by  T,   Carleman'-  •'   for  two  dimensions,  but 
his  method  cannot  be  extended  to  higher  dimensions.     It  seems  therefore  that  the 
method  developed  below  is  the  first  to  give  results  on  the  local  behavior  of  the 
solutions  of  a  general  class  of  nonanalytic  differential  equations  in  any  number 
of  variables. 

One  of  the  characteristic  properties  of  second-order  differential  equations 
of  elliptic  type  seems  to  be  that  any  solution  of  such  an  equation  is  fully  deter- 
mined when  its  local  behavior  is  known.     Froiri  Theorem  II  we  see  that  this  is  true 
of  the  nonanalytic  differential  equation  (2).     It  is  also  true  of  the  more  general 
equation  (l)   if  we  assiane  that  F(x,U)    satisfies  a  Lipschitz  condition. 

We  say  F(x,T)   satisfies  a  Lipschitz  condition  in  the  neighborhood  of  (x  ) 

and  T     if  there  exist  positive  numbers  L,   c,   and  d  such  that  for  all  (x)  in  the 

interval   Ix  -  x   I  <  c  and  all  T^    and  T-  in  the  interval   It  -  T   I   <  d 
'  o'  —  12  '  o'  — 

(l.U)  |f(x,T^)  -  F(x,   T2)|   <  L   |T^  -  Tgl. 

We  can  then  prove 


Theorem  III,     Let  U^  and  Ug  be  two  solutions  of 
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A  U  -  F(x,U) 
which  are  in  C"    for  |x  -  x  |   <  a,   and  let  U^(Xq)  "  ^2^''^o^* 
Furthennore,  let  F(x,T)   satisfy  a  Lipschitz  coiidition  in  the 
neighborhood  of  (x  )  and  U-(x  ).     Novj,   if 

|U^(x)  -V^{x)\^ds  =  o(r") 


/ 


for  all  n  as  R->  0,  then  it  follows  that  U^(x)  =  V^ix) 
identically. 

Since  the  inequality 

(1.5)  I  Au^  -    Au^l  «   |F(x,  U^)  »  F(x,I^)|  <  L  lu^  -  u^l 

holds  J   for  siiiuable  a«  <  a,   for  all   (x)   in  jx  -  x^|  <  a'.  Theorem  III  is  an 
immediate  consequence  of  Theorem  I, 

These  results  may  be  regarded  as  an  extension  of  our  earlier  result  for 
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the  solutions  of  (2)  in  three  variables. '- 

VJe  shall  prove  Theorem  I  in  two  steps,  stated  below  as  Lemmas  1  and  2. 
The  proofs  of  these  lemmas  are  given  in  the  later  sections.  Let  us  denote  by 
(4)  the  unit  vector  in  the  direction  of  (x),  so  that 

(1.6)  (x)  »  |x|  (C). 

Let  S   .(?)  be  a  complete  set  of  orthononnal  spherical  harmonics  of  order  n  in 
p  dimensions.  The  proof  is  based  on  a  discussion  of  the  functions 

(1.7)  F  .  (R)  -  /   U(R4)  S   (?)  ds 

^1 

for  which  sccond-ojTder  ordinary  differential  equations  ^re  derived. 


-  u- 

Now  we  state 
Lennna  1«   Let  UeC"  for  all  (x)  with  |x|  /  1  and  let  the  functions 


/    |u|^ds  and   /   lA  U  1^  ds 


be  piecewise  continuous  as  functions  of  R  and  satisfy  the  inequality 


/  I  A  Ul^ds  <  c  /  |u|^ds 


uniformly  for  all  R.   Suppose  that  for  every  spherical  harmonic 
S  (C)  the  integral 


n 


/    U(R4)  S  (?)ds 


'^1 

considered  as  a  function  of  R  is  in  C ' ,  Now,  if 

o(r")        for  R  -►  0  for  all  n 


/     I"! 


^ds 


then  the  function  U(x)  vanishes  identically. 


'n  I  OCR*^  ^~   )     for  R  ->  00  and  some  p, 


In  proving  this  lemma  (see  Section  II)  we  shsll  first  derive  the  differ- 
entir'l  equation  for  the  integrals  (6)  as  functions  of  R»  The  expressions  obtained 
involve  ZA  U»  The  proof  is  then  completed  by  an  iteration  process  in  which  the 
inequality  (3)  is  used. 

We  now  extend  the  range  of  validity  of  the  inequality  (3)  from  functions 
defined  in  an  a-neighborhood  of  the  origin  to  functions  defined  in  all  space,  as 
required  in  Lemma  1.  This  we  do  in 

Lemma  2.   Let  f(4)  and  g(?)  be  two  functions  defined  on  the  unit 
spherej  f(4)  e  C"  and  is  not  identically  zero,  and  g(C)  e  C,  Then 
there  is  a  function  U(x)6C"  defined  for  |x|  >  1  such  that  for  any 
spherical  harmonic  S  (?) 
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lijn     /      U(R4)  SU)  dec  -  /    f(C)  SiK)  dco 
R  ->  1+0  »f)  "^  «/,  " 


^x  -^ 


lijn    i. 

dR 


/     U(R?)  S„(?)  dec  «     /    g(?)  S„(5)  do5. 


R  ->  1+0  ^  -:r2^         "  c^^ 

while  for  all  R  >  1, 

/     I  A^l^  ds  <  c/       |U|^  ds, 

and  for  R->  oo. 


f       |U|2  ds  -  0(RP*2) 


where  c  and  p  are  properly  chosen  constants. 
To  prove  Theorem  I  from  Lemma  1  and  Lemma  2,  we  observe  that  no  restric- 
tion is  imposed  on  Theorem  I  if  we  ass^ane  that  a  >  1  and  that 

(1.8)  /       |U|^  ds  >  0, 

since  a  linear  transformation  of  the  fonn 

(1.9)  (xO  -  X(x), 

with  a  constant  \  >  0,  will  not  alter  the  assumptions  of  this  theorem.  By  suitable 
choice  of  X  we  can  always  find  a  function  U(x')  such  that  (8)  is  satisfied.  From 
Lemma  2  it  then  follows  that  the  domain  of  definition  of  this  function  can  be  ex- 
tended so  as  to  satisfy  the  conditions  of  Lemma  1, 

We  proceed  now  with  the  proofs  of  the  two  lemmas. 

n.     Proof  of  Lemma  1 

Let  S   ,(C)  be  a  complete  set  of  orthonormal  spherical  harmonics  in  p 
dimensions,  with  n  denoting  the  order  of  the  function.  Then  we  know  that  there 
are  N(n,p)  linearly  independent  spherical  harmonics  of  order  n,  where  N(n,p)  is 
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given  by 


oo 


(2.1)  — -*-Vr  -  y    "("'P)  ='"  • 

As  these  spherical  harmonics  satisfy 

(2.2)  A  Ix|"       S^  ,(?)  -  0 
we  have 

(2.3)  A  |xr  S„  .(O  -  n(n  +  p  -  2)    Ul""^  S^    .  *   Ul"    A  S      .  , 

">J  n,  3  n,j 

that  is, 

(2.ii)  A  S      .  =  -  "^"  "  P.-  ^^       S„    .   . 

"'^^  IxT  "'^^ 

We  introdtice  spherical  coordinates  by  means  of  the  equation 

(2.5)  (x)  -  tU) 

and  find  that  the  Laplacian  may  be  written  as 

(2.6)  A  -  -^  -^  rP  -  1  ^  *  -^   A 

r         dr  8r   r      o 

where  /X      Is   the  second  Beltrami  operator  on  the  unit  sphere  in  p  dimensions. 
From  (U)  we  have  therefore 

(2.7)  A„  S^  ,U)   -  -  n(n  +  p  -  2)  S„  ,(?). 

u   n,  J  n,  ,1 

Now  we  write 


(2.8)  F^  ^(R)  =  J         U(R?) 


^1 

where  dco  is  the  surface  element  on  the  unit  sphere.     For  R  /  1  this  function  is 
twice  differentiabJe  and  we  have  from   (6) 
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(2.0)  -^  (^n,o.  (^)^'"') 


^n-L     '^'     R"^   dR       dR 
-  -  -^  y   S^  .(5)  A^  U(R4)  dco  +  /"  S   U)    A  U  dco 

Introducing  the  relation 

(2.10)  ^„  ^  (R)  -  /"   S   (C)   A  U  dco 

n,0      c^^   n,o 

we  find  froin  (7)  thst 

(2.11)  -i^     (F      .,   rP-^)'   -     "("  ^  p  ^^     F      .  =     !^      .   . 

The  general  solution  of  this  differential  equation  may  be  written  as 

R 


(--)  ^„,/»)  ■  »"    ^    ?^  ^    i£i  /      '7=1  -  ;fe^'  ^n,/-'  - 


Since  F      .  (R)e  C»   this  holds  for  all  R,     Because  of  our  assumptions,  0     .(r) 

vanishes  more  strongly  than  any  poiirer  of  r.     Therefore  the  integral  in  (12)  vanishes 

more  strongly  than  any  power,    and  since  F      .(R)   itself  is  of  the  order  of  o(R  ) 

n,  J 


we  have 

R 


_n  y^         ,  w-p— X 

(2-")  \i  (B)  -  .^^^    /     (-ij  -    Ij;^:^^)     (r„,j  (r)  dr. 

0 


On  the  other  hand  we  have  (jf     .(r)  =  0(r'^)  for  r  •*■  oo   and  we  find  that 


for  n  >  p  +  2 
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(2.11i) 


^  (  /  ^}i.       dr  +    /        .     "?j ) 


is  also  a  !;^eneral  solution  of  (11).     Since  F     .   (R)  =  o(r")  for  R  ->  0,  we  have 

n,  J 

B  =  0,   and  since  F      .(R)  =  0(R'  )   for  R-»-  oo  we  have  A  =  0,     Therefore,  besides 
n,  3 

(13),  we  get 

(2.15) 

for  n  >  13  +  2,     Since 


n 


^n,j^^^  "  -  (2n+p-2) 


■^     0     .(r) 

^ii^dr* 
n-1 


R     r"*P-V     .(r) 


R 


2n+p-2 


^ dr 


(2.16)  /     I   Au|^  ds  <  c     /  |U|^  ds, 

4  "  ^ 


R 


and  since  the  spherical  harmonics  are  complete,  we  have 
00     N(p,n)  00     N^,n) 

(2.17)  Y_    l_  (^„JR)   f<-l_l  lfn,j(«)    I'- 

n-0     0=1  n=0     j-0 

Assume  now  that  wten  2jt  >  |3, 

(2.18)  /    |U(K«)    |2  do.  <  Ar"**  *l''^ 

Then 


(2.19)  <;fl  ,(R)  =  0(R^^  *^^h, 

and  for  n  <  2(/+l)  we  have  from  (13) 
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(2.20)  |F^^j(R)|    <    y  2    y         hi  ih/t)*{3/h)  J     ^  ^ 


(2n+p-2)"    ^  ^        r" 


n-J 


U(J^+l)+(lA)        /  \(^^  .1  dr 


?5^  y  "         (2n.p-2)2  ^^        r 


1 2  ,  1  1 

\x\  +(5A)+p-l-(2n+p-^)  "  lii  +(5A)+P+1  *  U^+(^A)+P+l+(2n+p-2)j 


2R' 


M£+i)+(iA) 


(li£  +(9A)+P)    [(U)J  +(9A)+P)^  -  (2n+p-2)2]       ^         r 


/     10     -l^dr 

/     a/v  (^AT  • 


Hence 


(2.21)  |F    .(R)r<2^ ^     — ^ 


■n,j 


2je 


l/+(^A)  • 


This  last  inequality  holds  because  the  denominator  in  (21)  is  the  product  of  the 
denominators  of  the  fractions  in  (20)  and  thus  is   greater  than  \x}i   • 
For  n  >  2(/+l)  >  p  +  2  we  find  from  (l5) 


2    ^  2R 


2n 


(2.22)        |F„    .(R)r  < 


(2W-P-2)' 


oo 


0     .dr 


R  V    o 


Rp^P-V     .(r)d 


Hi! 


2n+p-2 


2R 


2n 


(2n+p-2)^ 


oo 


R       r' 


l9f^/dr 
.li/+(^A)+(l/2) 


R 


^lije+(5A>(l/2)-2nf2  ^^ 


R     i^y      |2.  R 

■J         ^W  +(3A)+(l/2)  / 


liJ?+(5A)+2n+2p-2 


dr 


] 


2R 


U(/+1)+(3A) 


(2nfp-2)^ 


j^Un+2p-U 

"T 
r 


R' 


,-1/2 


U/+($A)+2nf2p-l 


-1  /       '^n.;l'   °^ 

Wi'+i)+(3A)-2ny       >«+(^A)+(V2) 
/      a/*(3A)+(i/2) 


-  10  - 


(2.23) 


Because  n  >  2{j^+l)  and  p  >  2  we  have 


KJ^^^'^   ' 


.1^  dr 


2je 


R' 


R  T 

l.(f+l)+(lA)         ,R       \0„    A     dr 


/.  k/+  (^A)+(l/2) 


2^ 


Consequently  we  f;et  from  (20)  and  (23)  for  2l>  p  qnd  any  integer  M 


R 


M   N(n,p)         5    pU(/+l)+(lA)   /.    T      M_  ii(n) 
n«0  j=l  "^         1^  J"i 


R' 


U(£+1)*(3A) 


2je 


r         1  "^ 

y     TiTn72RF7JrT  T 

^  n^(/+l)+l 


N(n) 


|?f     .(r)rdr. 


(2o2$) 


Now,  because 
oo     N 


oo     N 


n-0    j«l  n»0     j=l 

we  have  from  (2ii) 


(2.26) 


oo     N(n) 


If    .(R)!^   <  A^,     rU(^.i)*(iA)     /   dr. 

n,J  ""    2;^ 


n»0     j 


/dr 
7W 


^    Ac       pU(je+l)+(3A) 

7T' 


hue    -U(/*l)*{l/2) 


/ 


o 
oo 


dr 


R       r 


X^TU 


"^ 


R' 


From  the  fact  that 
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(2.27)  /   |U(R4)|^  dco  <  m^^*^^^^^ 

it  follows  that  under  the  assumptions  of  Lemma  1 

(2.28)  /       |Dte)|2d»<^      ^U(^*lMl/2)_ 

Now  the  inequality  (2?)   certfinly  holds  for  2il>  p.     For  L  -    [*]  +1 
we  finally  get 

(2.29)  /      Mm'    a.      <    »^(^^'    m  .  1).!!  .  n-i) 

for  all  n  ■  1,  2,   ..•   j  the  right-hand  side  tends  towards  zero  as  n-^  oo. 
This  completes  the  proof  of  Lemma  1, 

III.     Proof  of  Lemma  2 

In  order  to  prove  Leinma  2  ire  have  to  construct  a  function  U(x)eC"    for 
|x|  >  1  such  that 


(3.1)  2Am  I  U(R^)     S   (4)ds  »    /  f(?)S„(?)d3 

1  ^  ^1 


R^l+0     J  ^  ^  J^ 


lim         -rr       /          U(R4)  S„(C)ds  =»  /          g(C)  S„(?)ds 

■^1  ^  ''I 

for  any  spherical  harmonic  S  (5).  Since  in  Lemma  2  we  have  assumed  f(5)eC"  and 
g(4)6C',  we  write 


-  12  - 


(3.2)  U(x 


where 


(3.3) 


00  ^  , 


S^(4) 


N(p,n) 


with 


(3.W  C^    n      -     /  g(?)  S         (?)    CUO  . 

1 

This  function  U(x)  belongs  to  C"    for  |x|  >  1,  and  we  have 

(3.5)  lim      /  |U(R4)|^  dw-/  |f(?)|^dw>0 


n 


n. 


lija       /"  |u(R4)|^dw»/  |f(c)|^  do)  >0, 


R  -»■  oo 


Now  put 
(3.6) 


C       :. 

II,  d 


f(?)     S„    .(?)  dco  , 


n. 


and  suppose 
(3.7) 


/ 

A 


|U(R^C)r    d"  =•  0 


for  3Dme  R    -*-  1.     Then  it  follows  from  (U)  that 
o 
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o 

tolds  for  all  n.     Therefore  (8)   can  be  satisfied  for  at  most  one  value  of  R  , 

o 

First  let  us  assume  that  no  such  R  exists.  Then  because  of  (5)  there 

o 

is  a  positive  constant  b  such  that 


(3.9)  f  |U(R4)|^  dco>b  >  0, 


for  all  R  >  1. 


Let  V  and  /\  be^ respectively,  the  first  and  second  Beltrami  operators 
on  the  unit  sphere  in  p  dimensions*  Since  g(?)eC',  we  have 

(3.10)  0<  /      Iv  f(C)  -  r*  V  S  (f)r  dec 

"- ./      I  0        >    o  n^'  I 

■^  ^-  n=D 

-  /     |V  f  1^  dw  -  2  V   /   (V  f.V  S  )dco  +  r*   /   |V  S  1^  dw, 
1  rKJ     1  n-0     1 

(3.11)  /    (V  S  'V  S  )  dco  -  -  /   S   A  S  dw  -  n(n  +  p  -  2)6   /   |s  1^  dw  , 

-^1  "^1  T. 


Put 


,2  _   /    ^,^s  „  ,^x  .     ^  i„        ,2    /    1^  /^m2 


(3.12)      C;  -  y     f(4)  SjiK)   dco  -  y   IC^^^r  -  /    |s^(?)r  dco  . 


'n  ^     -      -/i^ 


Ihen 
(3.13) 


i 
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f(?)  S^(€)  dco  =  C^     , 


and  we  find 


(3.1ii) 


/  (V  f  •   V  S   )dco  -  -  /  f     A       S     dco  »  n(n  +  p  -  2)  C^     , 

./  o  on  /  "on  ^         c  jj» 


so  that  fron  (10)  we  get 


(3.15) 


00 


n=t 


2  p2  ^ 
n    C    <  00 
n 


It  follows  from  (3)  that  for  |x|  >  1. 


(3.16) 


A  uw  -  A  f(?)  *  A  y   ( I r lJN     s  (?) 


xl  o 


-  00 


2n  +  p  -  1        2(2n  *  p) 
Ix^^P-^"*  1x1°  *P 


\(^) 


It  is   seen  that  the  strni  on  the  right-hand  side  of  (16)   represents  a  square 
inte^^rable  function  of  (?)  for  any  (x),    jx]  >  1,  and  hence  we  have 


(3.17)  lim  -4      /  I  Z\  ^1^  d"  =  Q' 


1 

R  ->  00       R       ^i^ 


Therefore  there  is  a  positive  constant  c  such  that 
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(3.18)  J^        |^U| 


2d3 


— £ <      C. 


/        Iu| 


2    ds 


However,  if  (8)  holds  for  a  certain  R     and  for  all  n,  we  write  instead  of  (2) 


(3.19)     VCx)  -  rt  Tfr  )  .  ^   (^^  -  i-ip^jA    S„(C)  . 

n-0  ^ 

This  function  again  belongs  to  C"  for  |x|  >  1  and  satisfies  the  limit  relations 
(5).  We  have  for  R  >  1 


(3.20) 


/    |U(R4)|^d..y^   t^'^'f   (^  ■  ?^)   'n^^]'""' 


1  1        '^ 


and  this  vanishes  for  some  R  only  if 

(3.21)      C'^  .  -  -  —i--.   (1  -  ■^)  C 

for  all  n.     If  f(?)  is  not  equal  to  a  spherical  harmonic  of  order  n,   it   follows 
from  (21)   and  (8)  that 

o  T. 

for  at  least  two  values  of  n.  Since  this  is  equivalent  to 
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(3.23) 


\\  wp 


1    h'^ 


h 


we  see  that  (22)  can  hold  for  more  than  one  value  of  n  only  if  R.  =  R  =1, 
But  this  is  impossible  because  of  (8), 

Therefore  either  f(C)  is  a  spherical  harmonic  of  order  n  and  g(5)  =  -  a  f(C), 
where  0  <  a  <  1,  or  at  least  one  of  the  expansions 


(3.2li) 


^ 


[ 


f(?)  + 


00 


R 


1 
n*-p-l 


R 


n+p 


'n(«'  ] 


dco 


n=C 


71 


f(0 


00   ^  ^ 

n»0  ^ 


R 


1 

n+p+1 


S  (?) 
n^^ 


dco 


is  always  positive  for  R  >  1. 

Using  (20)  we  find  the  following  relation  corresponding  to  (16): 


(3.25)     Z\u  -  7~2  A  ^(^) 

Ix|      0 
Here  a^'ain  we  see  that  for  all  R 


1         °° 
niO 


2i2ni£)     -    3(2n+24d)'\     g  /.) 
,n+p  ,    ,n*p+l     J       n^^^ 


(3.26) 


,P-1 


/\  u  r  ds  -  0(1), 


n 


and  hence 
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/n    1^"  l''° 


(3.27)         2 <  c. 


^ds 


We  have  thus  found  an  extension  of  our  function  which  satis  fies  the 
requirements  of  Lemma  2  unless  f(?)  -  -  a  g(4)  with  0  <  a  <  1,  In  this  case 
we  put 

(3.28)  Il(x)  «  U(r?)  -  f(4)(l  -  a  +  I  ) 

r 

and  find  that 

|U(R4)|^  dco  -(l-  a  +^)   /    |f(C)|^dco>0 

for  R  >  1>  whJJLe  the  integral 

(3.30)         R^-P   /    I  Z\  U|2  d« 

VI 
R 

is  bounded  again  for  R  >  lo 

This  completes  the  proof  of  Lemma  2, 
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